Abstract Given increased air traffic and the possible use of autonomous vehicles, there is interest in the verification of separation algorithms. Because of the complexity of the environment and the presence of perturbations, a candidate approach is simulation and Monte Carlo. There are several desirable properties of the simulation: realism, portability, transparency, and efficiency. This paper is an initial effort using MATLAB to study a separation algorithm. An original separation algorithm was developed to make this project independent of any other effort. The algorithms and program were effective enough and efficient enough that the project will proceed.12
INTRODUCTION
This is an initial attempt at designing a separation algorithm for aircraft and checking its effectiveness by simulation. Two sub goals were to write the simulation in a popular program (MATLAB) for portability and to examine the efficiency of using a general purpose language for the simulation. Portability and using a common language were considered for the purpose of comparing various separation algorithms. It's desirable to write code that is easily examined since a feature of some large programs is that important details are buried in the code. Efficiency is needed because of the need to run many trials to establish U.S. Government work not protected by U.S. copyright 2IEEEAC paper # 1237, Version 2, Updated Oct 21, 2007 confidence in the separation algorithm.
The quest for simplicity, clarity, and efficiency does produce a dilemma: the material appears trivial. In addition, the algorithm and simulation are exercises in elementary mathematics: analytic geometry, trigonometry, and calculus. The goal for the future is to increase the realism while preserving the simplicity, clarity, and efficiency (the triviality).
As a first effort, there are a number of assumptions, not all of them completely justified. (1) Only two aircraft at a time are considered. (2) All aircraft have the same speed and maintain this speed. Aircraft do prefer to maintain a constant airspeed. (3) Everything is two-dimensional. (4) Since everything is two-dimensional, the only option for collision avoidance for closing aircraft on nearly the same flight path is the delay of one of the aircraft. It is assumed the delay can occur before the aircraft enters the flight space being considered. (5) The position and heading of all aircraft is precisely known. (6) Both aircraft know which one will make the collision-avoidance maneuver and what the maneuver will be. (7) Previous flight control efforts have gone well, and aircraft enter the airspace separated by at least the minimum distance. (8) All flight paths are sequences of straight-line segments.
Since the flight paths in this study are sequences of straightline segments, the heart of the program is a routine that decides if two particles moving on two different straight segments remain a minimum distance apart. This is described in section 4.
When writing a program to simulate the random nearcollision of aircrafts, the question arises about which random distribution to use when generating flight paths. An authentic simulation must reproduce the distribution of flight paths in the field or show the form of the distribution does not matter. To the best of the author's knowledge, this remains an open problem.
Section two describes how flight paths, or segments of a flight path, are stored in the program.
Section three discusses determining the angle of approach of the two aircraft. Section four covers detecting a loss of separation.
Section five describes the avoidance maneuver. Section six covers deciding which avoidance maneuver to use. Section seven describes simulating near collision. Section eight gives the efficiency of the program. Section nine performs an elementary probability analysis. Section ten conducts a more refined probability analysis. Since this is an initial effort, some of the material below notes where improvements could be made.
DESCRIPTION OF FLIGHT PATH
The flight path of any aircraft in this study is a sequence of directed straight line segments (vectors). A straight line segment is stored in the program as a 6xl column vector that has the form. If the program were re-written, the information vector would be enlarged to include the sine and cosine of the directed line segment. These are in constant use throughout the program, and the current program is constantly recomputing them.
ANGLE OF APPROACH
The decision algorithm depends on the relative angle at which the two planes are approaching each other. A headon approach is where the angle of approach is between ir/2 and 321/2. This is determined by taking the cosine of the difference of the two flight path angles. If the cosine is negative the approach is head-on.
If the approach is head-on, the program needs to know if the second aircraft is approaching from the left or the right. Consider a difference angle the angle of the aircraft that will perform the maneuver minus the angle of the other aircraft. If the sine of this difference angle is negative, the aircraft that will perform the maneuver is approaching from the left. If positive, from the right.
An approach angle of 21 radians requires a different method which is illustrated in figure 1 . In this figure, the aircraft that will maneuver is upper one. 
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Taking the derivative of the square of the distance with respect to t, setting the derivative equal to zero, and solving for t gives
The second derivative is negative. Hence, this gives a minimum for the infinite lines through the segments. The primary computational tools for the jog are the sine and cosine. Suppose 0 is the angle of the original flight path.
DESCRIPTION AND CONSTRUCTION OF
For the first segment of the jog:
For the second part of the jog:
The start-time and start-point of the first segment of the jog are known. The sine and cosine along with the velocity are used to compute the end-time and end-point. These become the start-time and start-point of the second segment.
Similarly for the final segment that lies on the original flight path.
To check that collision-avoidance has been achieved, the four segments of the new flight path are each compared to the flight path of the other aircraft to check for closeness. In general, each of the four segments of the aircraft making the jog will have a start-time and end-time that is different from the other aircraft, but the routine for checking closeness is general enough to handle this.
TYPES OF COLLISION AVOIDANCE
There are five collision avoidance routines.
If the angle between the flight paths is less than 21/2 radians, then the second aircraft dithers for 4/96 of an hour. This places it 4 units (20 nautical miles) later on its original flight path. The justification for this maneuver is the twodimensional nature of the simulation. The two flight paths could be nearly coincident, neither aircraft can fly over or under the other, and the only option is to delay the flight of one of the aircraft.
There are four choices if the angle between the flight paths is greater than or equal to 21/2 radians. The exposition below describes the two options where the second aircraft is approaching the first and the second aircraft is originally to the left of the first.
The first option occurs when the flight path of the second aircraft intersects the path of the first aircraft after the point where the two aircraft are a minimum distance apart. In this case, the second jogs to its right. This is illustrated in figures three through six. A conjecture which has not been tested is that the above rules can be simplified. In the cases above the aircraft performing the maneuver jogs away from the other aircraft. Can the rule be simplified to determining whether the other aircraft is on the left or right at the point of minimum distance?
DESCRIPTION OF SIMULATION SPACE
The airspace in this simulation was chosen to be an idealized airspace, based on the statistic that most aircraft spend about 20 minutes in any one airspace during a flight.
The requirement for horizontal separation is 5 nautical miles. Hence, each unit distance represents 5 nautical miles.
Aircraft in cruise mode typically maintain a constant speed. The airspeed chosen is 96 units per hour (580 knots).
The airspace is a circle of radius 16. Hence, an aircraft spends 20 minutes traversing its diameter.
The initial flight path for an aircraft is a straight line. Collision avoidance consists of either a delay before entering the airspace or adding two line segments for a jog and returning to the original path. The extra distance due to collision avoidance does delay the exit of an aircraft from the airspace.
Each trial consists of simulating two aircraft with the initial flight path of the second chosen to come within distance 1 of the first aircraft.
The first aircraft traverses the diameter of the circle beginning at the bottom of the circle.
The path of the second aircraft is determined by choosing two points at random. The first point is on the circumference of the airspace. The second point is within a distance of 1 from the first plane at some time during its sojourn.
For the first point, an assumption is that previous airspace operations have kept the aircrafts well separated. Therefore, the start point for the second aircraft is a point on the circle that is greater than two units (measured along the circumference) from the start point of the first aircraft. This point is chosen using the uniform distribution.
The second point is chosen using three random numbers from the uniform distribution.
The first aircraft traverses the airspace across the circle from (0,-16) to (0,+16). The first random number is chosen uniformly on the line segment (0,-14) to (0,+14). This will be the position of the first aircraft when the second aircraft would have reached the second point to be chosen if the second aircraft had not modified it flight path.
The second point is chosen within a circle of radius 1 with the center being the randomly chosen position of the first aircraft. It is a two step procedure. First, chose uniformly from the angles from 0 to 2 pi radians. Second, chose uniformly from the numbers 0 to 1.
The second point chosen is not necessarily the point of minimum distance for the two aircrafts. In fact, it will usually not be. Figure 1 illustrates the flight path of the first aircraft and choosing the two points that determine the path of the second. The entry time of the second aircraft is chosen so that it arrives at the second point within the smaller circle at the same time the first aircraft arrives at the center of the circle (which lies on its flight path).
It can be seen that the second point within the smaller circle may not be the point at which the aircrafts are a minimum distance apart.
It can be seen that the initial flight path of the second aircraft can be longer than the flight path of the second aircraft. In this case, the second aircraft enters first, even though it is the one that takes evasive maneuvers.
SIMULATION RUNS
The procedures above were implemented as a set of MATLAB m-files. These programs were extensively tested to ascertain they generated the intended flight paths, included the required jogs, and detected any loss of separation. A full report would include the test cases. It takes six hours to run one hundred million (100,000,000) trials.
The program is efficient enough to generate enough trials for statistical significance. More than a billion trials have been made, and the algorithm has performed correctly for every trial. This is efficient enough to establish statistically significant results, as will be seen in the next two sections.
ELEMENTARY PROBABILITY ANALYSIS
The FAA goal is one incident per 10 million (107) flights.
As it stands, this goal is not a probability statement, and it requires interpretation. In the absence of information and for simplicity, the typical assumption is that all flights are equivalent and independent. The typical numerical assumption is that the expected number of incidents for 10 million flights be equal to one. Using the expectation does not require any more information from the FAA, but it does have a disadvantage as will be seen below.
The disadvantage appears when we consider the probability of more than one incident during 10 million flights. It's reasonable to want the probability of more than one incident to be low, but it will be shown that using the expectationinterpretation does not guarantee this. On the other hand, the low-probability approach raises the problem of how low the FAA wishes the probability to be.
With the assumption that the flights are equivalent and independent, the distribution is binomial with the probability of an incident equal to 10-7 per flight. The binomial distribution with parameter p gives the probability of zero or one incidents during 10 million flights as
The probability of two or more incidents for p = le-7 is 1-Q = 0.2642. Hence, the probability of more than one incident during 10 million flights is greater than 1/4.
If the goal is a less than one in a hundred chance of more than one incident, then a little numerical work gives Q 0.9898 and 1-Q = 0.0102 for p = 1.5e-8.
We wish to determine the number of trials needed for an experiment to establish the probability of failure is less than or equal to p at the 100(1-o)% confidence level given no failures appears during the experiment.
The frequency interpretation of the confidence level is that the experiment has an a or less chance of misleading us. Hence, we conduct enough trials n that the probability that no failures appear is less than a given the probability of failure is less than or equal to p. That is,
(1-p) < ac (6) or n > (log a) / (log (1-p) )
If a = p = 1.5e-8, n = 1.2010e+9 = 1,201,000,000
Since 100 million trials requires six hours of computer time, the first experiment required one overnight run, and the second experiment required six overnight runs. All runs were successful. Hence, the algorithm has been statistically verified according to two reasonable interpretations of the FAA requirement.
FIELD DATA AND CONDITIONAL PROBABILITY
This section offers a more realistic analysis. First, there are causes for incidents other than loss of separation. Flight data has not been examined, but hypothetically assume one out of every hundred incidents is due to loss of separation. This makes verification more stringent. Using elementary results on adding probabilities and combining confidence levels says we now need to establish the algorithm at a 1 e-9
probability with a confidence level of 100(1-1 e-9)0 0 [2] .
Not every fight, however, has the potential for a collision incident. The conditional probability statement is P(collision) P(collision given loss of separation)
x P( loss of separation)
Recall we want P(collision) =le-9.
To establish P(collision) is less than le-9 at the 100(1-le-9)00 confidence level, it is sufficient that the two factors
give a multiple less than 1 e-9 and the two factors have a 100(1-5e-10)%o confidence level.
We will ask for a confidence level commensurate with the probability we are seeking to establish and set a = p. We solve for n setting the last inequality to an equality. 
}
The expansion is for computational purposes since e+7 factorial is too large for straightforward calculation.
For p = le-4 = P( loss of separation), the expression above is less than 1.25e-207 which is less than 5e-10. Solving equation (8) above gives P(collision given loss of separation) = le-5. Establishing a probability of le-5 at the 100(1-5e-10)0 o confidence level requires n = (log(5e-10))/(log(1 -1 e-4)) = 2.14e+6 trials.
The last computation was conservative because it used a confidence level based on 5e-10. It could have used a confidence interval based on ( le-9 -1.25e-207).
We might ask the number of trials required if one out of every thousand incidents was due to loss-of-separation or if the required probability of an incident was 1.5e-8 as derived in the previous section. Table 2 summarizes the results with the second column repeating the computation above. Table  2 continues the conservative method of determining the confidence level. 
SUMMARY
This paper describes a first effort at designing and testing a collision avoidance algorithm. Designing the algorithm was an exercise in geometry. Implementing in a program for automatic testing was an exercise in analytic geometry, trigonometry, and calculus.
One goal was to try the popular and portable platform of MATLAB for the simulation. To date, this has worked well. The program was efficient enough to perform many trials in a short period of time. The current question is whether or not this efficiency can be maintained as the simulation is made more realistic.
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This effort was initially performed without reference to any other work to force the author to think through everything although the effort was motivated by the author's impression of what work had been done. In particular, there was no mention of a collision-avoidance algorithm being established at an extremely high confidence level [3, 4, 5] . Because of the enormous number of trials involved, there are efforts to rigorously prove the algorithms [6] , but it is unclear if the proofs can be extended to include perturbations.
